In this work, we further investigate the family of f (R) dark energy models that can exactly mimic the same background expansion history as that of the ΛCDM model. We study the large scale structure in the f (R) gravity using the full set cosmological perturbation equations. We investigate the structure formation in both the spatially flat and curved Universe. We also confront our model with the latest observations and conduct a Markov Chain Monte Carlo analysis on the parameter space.
I. INTRODUCTION
There has been accumulated conclusive evidence from supernovae [1] and other observations [2, 3] in the last decade, indicating that our Universe is undergoing a phase of accelerated expansion. Understanding the nature of the cosmic acceleration is one of the biggest questions in modern physics.
The leading explanation of the accelerated expansion is the cosmological constant within the context of General Relativity. However, the measured value of cosmological constant is far below the prediction of any sensible quantum field theories and the cosmological constant will inevitably lead to the coincidence problem that why the energy density of matter and vacuum are in the same order today(see [4] for review). Another possibility for the acceleration is that the universe is driven by a new and yet-unknown component called dark energy. The dark energy is some kind of dynamical fluid with negative and time-dependent equation of state w(a). However, the nature of the dynamical dark energy is even harder to be understood in the fundamental physics than that of the cosmological constant.
Alternatively, a promising explanation of the acceleration is the modified gravity. The General relativity might not be ultimately correct in the cosmological scale. The Universe might be described by some kind of modified gravity. One simplest attempt is called f (R) gravity, in which the scalar curvature in the Lagrange density of Einstein's gravity is replaced by an arbitrary function of R [5] . The f (R) gravity can produce the accelerated expansion of the Universe with any designed effective dark energy equation of state w [6] . Furthermore, the time dependent effective DE EoS in the Jordan frame can be reproduced from the dilation of the inertial mass in the Einstein frame through the conformal transformation [7] [8] [9] . In this sense, the time dependent dark energy phenomenon can be better understood in a physical way in the framework of modified gravity.
In this paper, we investigate a specific family of f (R) models that can reproduce the same background expansion history as that of the ΛCDM model since it has been argued that a valid f (R) model should closely math the ΛCDM background [10] . The family of f (R) model contains only one more extra parameter than that of the ΛCDM model and furthermore, it does have the welldefined Lagrangian formalism in the spatially flat Universe, which is valid for the whole expansion history of the Universe from the past to the future. The model is no longer simply a phenomenological model. Although this model has been studied by a number of work within the parameterized framework of modified gravity [11] [12] , it still needs to solve the full set of cosmological perturbation equations to get more accurate results on the scale k dependent growth history of the Universe when confronted with upcoming high precision data in cosmological surveys. Therefore, in this work, instead of using the parameterized framework of modified gravity, we investigate the impact of f (R) models on the large scale structure using the full set of covariant cosmological perturbation equations. We will confront our f (R) model with the latest observations and conduct a Markov Chain Monte Carlo analysis on the parameter space. We will also exploit the spatially non-flat case in the f (R) gravity, which has not been addressed in the previous work [12] [13] [14] . This paper is organized as follows: In section II, we review the background dynamics of the Universe in the f (R) gravity and present the well-defined Lagrangian formalism in the spatially flat Universe for the family of f (R) models that reproduce the ΛCDM background expansion history. In section III, we present the scalar perturbation equations in the synchronous gauge for the f (R) gravity and study the impact of f (R) gravity on the large scale structure formation. In section IV, we present the fittings results by confronting our model with the latest observations. In section V, we summarize and conclude this work.
II. THE BACKGROUND DYNAMICS
We work with the 4-dimensional action in the f (R) gravity [15] 
where κ 2 = 8πG. We consider a homogeneous and isotropic background universe described by the Friedmann-Robertson-Walker(FRW) metric
where dσ 2 is the conformal space-like hypersurface with a constant curvature R (3) = 6K
The dynamics of the Universe in the f (R) gravity is described by [15] 
where
dR , the dot denotes the time derivative with respect to the cosmic time t and ρ is the total energy density of the matter which consists of the cold dark matter, baryon and radiation ρ = ρ c + ρ b + ρ r . p is the total pressure in the Universe. If we convert the derivatives in Eq.(4) from the cosmic time t to x = ln a , Eq.(4) can be recast into
For convenience, the energy density ρ, K and the scalar curvature R in Eq.(5) are in the unit of H 2 0 and we also set κ 2 = 1 in our analysis. In order to get a viable f (R) model with a reasonable expansion history of the Universe and without loss of generality, we can parameterize the quantity E(x) in Eq. (5) 
where The f (R) model can be constructed by specifying the background expansion history of the Universe in Eq.(5). Eq.(5) becomes a second order differential equation only with respect to F (x). However, any specifically designed time dependent effective dark energy equation of state can hardly be well motivated in physics because we still have less knowledge about the nature of the dark energy at present. Therefore, it is of great interest to investigate the simplest case that the f (R) model can reproduce the same background expansion history as that of the ΛCDM model w = −1. Therefore, in this work we will only focus on this case hereafter.
In the spatially flat Universe K = 0 filled with dust matter, the late time expansion history of the Universe with the effective dark energy EoS w = −1 can be written as,
In this case, Eq.(5) can be solved analytically. The general solutions for Eq.(5) are
where the indexes in the above expressions are given by 
The first term in Eq. (10) is divergent when x goes to the minus infinity due to the negative index p − and C, therefore, should vanish C = 0 to satisfy the boundary condition Eq.(11). After we get the expression for F (x), we can obtain the explicit expression for f (R) by doing the integration
and using the relationship between R and x.
The final result for f (R) turns out to be
where Λ, ̟ are constant parameters.
When ̟ = 0, Λ is just the cosmological constant. If we write Eq. (14) in the units of H 
where Γ is the Euler Gamma function. In this case,
The expression of Eq. (14), therefore, is a well-defined real function on the real axes in the physical range R > 4Λ, which is different from the results given by [19] . A more detailed analysis on Eq. (14) has been presented in our companion work [20] .
In the past of the Universe, when R >> 4Λ, the hypergeometric function goes back to unity 2 F 1 ∼ 1, and Eq.(14) becomes
The above expression can further go back to the standard model f (R) ∼ R when R becomes more larger. On the other hand, in the future expansion, Eq. (14) does not have the future singularity because f (R) is finite at the point of R = 4Λ.
When R < 4Λ the expression of Eq.(14) becomes complex, which is clearly unphysical.
In the spatially flat Universe, Eq. (14) is valid for the whole expansion history of the Universe from the radiation dominated epoch to the future expansion of the Universe. Eq. (14) can exactly mimic the ΛCDM expansion history from the matter dominated epoch to the late time acceleration. For illustrative propose, in Fig. 1 , we plot the f (R) models for a few representative values of D. The curves in Fig. 1 are evaluated from Eq. (14) directly. By noting the different conventions of f (R) used in our work and [6] , our results are consistent with the numerical results presented in [6] .
As shown in [21] , in order to avoid the instabilities in the high curvature region, it requires that F > 0 and f RR = ∂F ∂R > 0. Therefore, in our model D should be negative D < 0. The models presented in the red dashed lines in Fig. 1 (D > 0) are ruled out by the instabilities in the high curvature region. Since the f (R) model investigated in our work has only one more extra parameter than that of the ΛCDM model, the family of f (R) models can be characterized by either D or [6] . In the appendix, we provide the explicit relationship between B 0 and D.
However, in this work, we are not only limited in the spatially flat Universe, we will also exploit the f (R) model in the spatially curved Universe. Without losing generality, we will numerically find the solution of Eq. (5) to include the spatially curved case Ω 0 k = 0. We perform our numerical calculation starting from the deep matter dominated epoch(a i ∼ 0.03). The curvature term K can be neglected at this epoch and the analytical solutions for Eq.(5) give rise to
We take the above expressions as the initial conditions for Eq. (5) . In this work, we use the parameter D to characterize the family of f (R) models and treat B 0 as derived parameter since D directly relates to the covariant parameter ̟ for this kind of f (R) models in the spatially flat Universe. Since the f (R) model investigated in our work and the ΛCDM model can only be distinguished in their perturbed space-time, in the next section, we will turn to the cosmological perturbations theory.
III. COSMOLOGICAL PERTURBATIONS
The cosmological perturbation theory for the f (R) gravity has been well studied in [22] . [22] has extensively presented the perturbation equations for a wide family of modified gravities. The perturbation equations in the spatially flat Universe for the f (R) gravity can be found in [23] .
For the scalar perturbation, the perturbed line element can be written as [24] 
where γ ij in the spherical coordinate can be written as
Y ,Y j and Y ij are the scalar harmonic functions which are defined by
The detailed general covariant perturbation equations including the spatially curved case for the f (R) gravity are presented in the appendix.
In this work, we focus on the synchronous gauge which is defined by ψ = 0 and B = 0. The synchronous gauge is widely used in the Einstein-Boltzmann codes [25] [26] [27] [28] to calculate the temperature and polarization power spectra of the cosmic microwave background anisotropy.
The synchronous gauge is characterized by the following two parameters
where η T refers to the conformal 3-space curvature perturbation
The perturbed modified Einstein equations in the synchronous can be written as
and
The scalar curvature perturbation δR is given by
With the perturbation equations, we perform our numerical analysis based on the public available EinsteinBoltzmann code CAMB [27] . In the appendix, we summarize the details on how to modify the code. In Fig.2 , we show the full spectrum of temperature anisotropy C In Fig.3 , we show the linear matter power spectrum at redshift zero z = 0. The f (R) gravity changes not only the amplitude but also the shape of the power spectrum due to the scale k dependent growth history [6] . However, the f (R) model investigated in our work should not change the position of the Baryon Acoustic Oscillation(BAO) peak in the two-point correlation function in the real space because the sound horizon is only determined by the background cosmological parameters [29] [30] and the family of f (R) models investigated in our work has the same background expansion. By doing the Fourier transformation
in Fig 4, we show the two-point correlation function in the real space. We can see clearly that although the shape of the correlation function has changed a lot for a few representative values of D, the position of the BAO peak does not change under the Fourier transformation, which shows that our numerical results are consistent with the theoretical prediction. In the spatially curved Universe, Ω 0 k has significant impact on both the matte power spectrum and the CMB angular power spectrum. In the matter power spectrum, as shown in Fig.5 , the positive Ω 0 k > 0 will suppress the power at all scales and the negative Ω 0 k < 0 will oppositely enhance the power. The slight positive value of Ω 0 k > 0 could compensate part of the impact induced by the modified gravity D on the matte power spectrum, which enhance the power at scale k > 0.001hMpc −1 (see Fig.3 ). Meanwhile, the spatial curvature Ω 0 k also shifts the positions of acoustic peaks in the CMB temperature angular power spectrum. However, the high precision measurement of the acoustic peaks in the CMB temperature angular power spectrum in combination with BAO and H 0 [2] can put very tight constrains on the spatial curvature. The spatial curvature, therefore, could not affect significantly on the large scale structure in the f (R) gravity. Compared with the CMB temperature angular power spectrum C T T l (see Fig.2 ), there are no significant imprint of f (R) gravity on the temperature polarization cross-correlation and polarization auto-correlation spectrum C T E l ,C EE l (see Fig.6 ) because the CMB polarization anisotropy only arises from the quadrupole anisotropy at the last scattering surface and does not correlate with the late time ISW effect. There are no gravitational perturbation terms appearing in the source term S E for the polarization correlation. For instance, in the spatially flat Universe, S E can be written as [31] [32]
where g is the visibility function and ζ is given by ζ = (
2 E 2 ). I 2 , E 2 indicate the quadrupole of the photon intensity and the E-like polarization respectively [32] . After the last scattering, the visibility function g ≃ δ(τ − τ dec ) drops almost to be zero. The perturbation of the f (R) gravity has no impact on S E unless the f (R) model changes the background expansion.
After the qualitative analysis of the impact of f (R) model on the large scale structure, in the next section, we will present cosmological constrains on the f (R) model from the latest observations.
IV. CONSTRAINS FROM OBSERVATIONS
The parameter space of our model is where θ A is the angular size of the acoustic horizon, and A s is amplitude of the primordial curvature perturbation. The priors for cosmological parameters are listed in table I. For the CMB data, we use the sevenyear WMAP(WMAP 7) CMB temperature and polarization power spectra [2] . We also take the measurement of the power spectrum of LRG from SDSS DR7 [33] . However, we limit our considerations of the matter power spectrum in a relative linear scale and we only take the samples within bins for k < 0.1h/Mpc. We add the supernovae data [34] and the present day value of the Hubble constant from the measurement of Hubble Space Telescope(HST) H 0 = 74.2 ± 3.6kms −1 Mpc −1 [35] in order to put tighter constrains on the background cosmological parameters. The global fitting results using above data sets are listed in Table II and III. In the flat Universe, we find the constrains on the parameter D as |D| < 0.709(95%CL) and |D| < 0.711(95%CL) in the curved Universe. These results are equivalent to B 0 < 3.86(95%CL) and B 0 < 3.88(95%CL) if we use the parameter B 0 . The result is consistent with [13] . Although the f (R) gravity has significant impact on the shape of the matter power spectrum(see Fig. 3 ), the SDSS LRG matter spectrum can not put very tight constrains on D because there are degeneracies between D and other cosmological parameters [13] . When D ∼ −0.6(B 0 ∼ 3), the CMB temperature angular power spectrum C T T l of the f (R) model goes back similar to that of ΛCDM model. Therefore, there are two peaks in the likelihood distribution of D which are clearly shown in the black lines in Fig.7 and Fig.8 . Clearly, the combination of the data set CMB+SN+HST+MPK can not put very tight constrains on the f (R) models. We need to add additional data set.
As pointed out in [13] , the f (R) gravity can produce the anti-correlation in the Galaxy-ISW angular power spectrum. However, the measurement of the Galaxy-ISW correlation favors the positive correlation. Therefore, the Galaxy-ISW correlation data set can put very tight constrains on the f (R) model. We consider the cross correlation
where the window functions W I l (k) and W g l (k) are given by 
0.01 < τ < 0.8 0.5 < ns < 1.5 2.7 < ln [10 10 As] < 4.0 −1.2 < D < 0 where Ψ − Φ can be presented in terms of the quantities in the synchronous gauge as Ψ − Φ = η T + α ′ , χ(z) is the looking back time, j l (x) is the spherical bessel function,
δm(0) and T 0 is the temperature of the CMB today.
In order to improve the performance in the numerical process, we use the Limber approximation
and Eq.(36) reduces to
In this work, we adopt the Galaxy-ISW correlation data from [36] and use the public available ISWWLL code [36] to calculate the likelihood. The bias b(z) and the selection function Π(z) are provided by the ISWWLL code and will be recomputed for each time according to different cosmological parameters in the Markov chain. We have turned off the contribution of weak lensing in the original code. The results of the joint likelihood analysis with the data sets from CMB+SN+HST+MPK+gISW are shown in Table II and III. The marginalized 1D and 2D likelihoods for interested parameters are shown in red lines in Fig.7 and Fig.8 . The Galaxy-ISW correlation data set has improved significantly the constrains on the parameter of D up to |D| < 0.109(B 0 < 0.376)(95%CL) in the flat Universe and |D| < 0.131(B 0 < 0.459)(95%CL) in the curved Universe. The result in the flat Universe are in good agreement with the work done by [12] and [14] . The best fitted point for the curvature is slightly positive Ω k = 0.0063 −0.0056 [2] . Although there has been reported recently that more stringent constrains on the f (R) gravity can be obtained by using the data from cluster abundance [37] , we will not include this data in this work because we do not have the reliable knowledge about the halo mass function in our f (R) model. The halo mass function used in [37] has been tested by a large suite of N-body simulations and shown to be a reasonable fit to Hu-Sawicki model [37] [38] . However, in our model, we still need to investigate the halo mass function before the data can be used for our global fitting analysis.
V. CONCLUSIONS
In this work, we have studied the impact of the specific family of f (R) models that can reproduce the same background expansion history as that of ΛCDM model on the cosmic microwave background and the large scale structure using the full set of covariant cosmological perturbation equations. Based upon the covariant perturbation equations, we have modified the public available Einstein-Boltzmann code CAMB and CosmoMC [39] to conduct the Markov Chain Monte Carlo analysis on the parameter space and confront our f (R) model with the latest observations. In the flat Universe, our results are in a good agreement with the previous independent work done within the parameterized framework of modified gravity. We have also extended our analysis to the nonflat Universe. From the fitting results, at the best fitted point we find that the curvature Ω k term is slightly positive which is different from the results in the nonflat ΛCDM model [2] . Although more severe constraints on the f (R) model can be obtained by adding the data from cluster abundance, the halo mass function in our f (R) model should be carefully studied before the data is used for our global fitting analysis. This will be an objective to our future work. Noting that
using Eq. (9) and Eq.(10) calculating straightforwardly, we obtain,
When x = 0, we can find the explicit relationship between D and B 0 as
B. Modifying CAMB Our work is based on the public available EinsteinBoltzmann code CAMB [27] . The basic equations in the CAMB code are based on the covariant approach in which it describes the cosmological perturbations in terms of the variables that are covariantly defined in the real universe(see [40] for reviews). When making 1 + 3 decomposition of the physical quantities with respect to a family of observers, CAMB choose the observer coin-cide with the motion of CDM in the Universe, and the equations in CAMB are thus equivalent to the general perturbation equations as presented in [24] to be fixed in the synchronous gauge. Here we summarize our cosmological perturbation equations in the f (R) gravity in the synchronous gauge with the same conventions as that used in CAMB. In CAMB, the curvature perturbations are characterized by Z and σ
The perturbed modified Einstein equations can be written as 
where β 2 is the curvature factor
The propagation of the perturbed field δF is given by
and the perturbation of the scalar curvature δR is given by
We have replaced the original perturbation equations with the above set of equations in the original CAMB code. Another important part we need to modify is the source term of the CMB temperature anisotropy [31] [32] 
where q = (ρ+p)v. The above perturbation equations are self-consistent covariant equations. We can show that under the infinitesimal coordinate transformation, namely, Eq.(59), the perturbation equations could keep the same form.ψ 
The perturbation for the scalar field δF satisfies δF = f RR δR ,
where the perturbation of scalar curvature δR is given by 
and R = 6a
